THE TOPOLOGICAL AND GEOMETRICAL FINITENESS 
OF COMPLETE FLAT LORENTZIAN 3-MANIFOLDS WITH 
FREE FUNDAMENTAL GROUPS 



SUHYOUNG CHOI 

Abstract. We prove the topological tameness of a 3-manifold with a 
free fundamental group admitting a complete flat Lorentzian metric; i.e., 
a Margulis space-time isomorphic to the quotient of the complete flat 
Lorentzian space by the free and properly discontinuous isometric action 
of the free group of rank > 2. We will use our particular point of view 
that a Margulis space-time is a real projective manifold in an essential 
way. The basic tools are a bordification by a closed real projective 
surface with a free holonomy group, the important work of Goldman, 
Labourie, and Margulis on geodesies in the Margulis space-times and 
the 3-manifold topology. Finally, we show that Margulis space-times 
are geometrically finite under our definition. 

Our work goes back to the works of mathematicians on complete affine 
manifolds; i.e., the manifolds that are quotient spaces of the affine space by 
the properly discontinuous and free actions of groups of affine transforma- 
tions. Auslander conjectured that a compact complete affine manifold has 
a solvable fundamental group. Goldman, Fried, and Hirsch [22J and [21J 
proved this conjecture for three-dimensional complete compact affine mani- 
folds. This conjecture was generalized by Milnor who asked whether a com- 
plete affine manifold has a solvable fundamental group. However, Margulis 
|32j found a counter-example by considering a Lorentzian 3-space E 2 ' 1 with a 
free group of rank two acting on it by deforming a linear Lorentzian isometry 
group. The quotient space is now said to be a Margulis space-time. Drumm 
|15j found fundamental domains of these actions. Charette, Drumm, and 
Goldman |7J classified these spaces for some classes of examples and found 
fundamental domains of these examples using crooked planes. Goldman, 
Labourie, and Margulis [28] and [27] constructed generalizations of Mar- 
gulis invariants and they characterized the deformation spaces of Margulis 
space-times in terms of the invariants. 
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A question of Goldman was whether these spaces were topologically tame. 
(See |17| and [7].) We will answer this in the positive. However, when 
the Margulis space-time has parabolics, this question is still open. The 
Auslander conjecture still remains open for dimension n > 7. 

The theory of compactifying open manifolds goes back to Brouwder, 
Levine and Livsay [H] and Siebenmann [37]. For 3-manifolds, Tucker |40j 
and Scott and Tucker |39j made initial clarification. See also Meyers [34] . 
As a note, we state that complete hyperbolic 3-manifolds with finitely gen- 
erated fundamental groups were shown to be tame by Agol, Calegari, and 
Gabai. See Bowditch [5\ for details. We won't elaborate on this as the 
methods are completely different. Our proof is more close to the proof of 
the tameness of geometrically finite hyperbolic 3-manifolds due to Thurston 

[SSJ- 
Let V 2,1 denote the vector space M 3 with a Lorentzian norm of sign 

1, 1, — 1, and the Lorentzian space-time E 2 ' 1 can be thought of as the vector 

space with translation by any vector allowed. A Lorentzian isometry is an 

automorphism of the space preserving the Lorentzian norm and the group of 

Lorentzian isometries is denoted by lsom(E 2,1 ). We will concerned ourselves 

with only the subgroup lsom + (E 2,1 ) of orientation-preserving isometries. 

The projectivization PfV 2 ' 1 — {O}) is defined as the quotient space 

V 2,1 — {O}/ ~ where v ~ w if and only if v = sw for s£R - {0}. 

Of course, P(V 2,1 — {O}) is identical with the real projective 2-space MP 2 . 
Recall that we imbed the hyperboloid model H 2 of the hyperbolic plane to 
the disk that is the interior of conic in MP 2 determined by null vectors. Then 
the image §>+ of the space of future time-like vectors can be identified with 
the hyperbolic 2-plane H 2 , which is basically the Beltrami-Klein model of the 
hyperbolic plane. The linear group SO(2, 1) acts faithfully on H 2 = §+ as 
the orientation-preserving isometry group and acts on P(V 2,1 — {O}) where 
the action is induced from that on V 2,1 . 
Recall that there is a homomorphism 

£ : lsom+(E 2 ' 1 ) SO(2,l) 

given by taking the linear part. A Lorentzian transformation is said to be 
parabolic if its linear part has only eigenvalues 1 but is not identity. 

Suppose that T is a finitely generated Lorentzian isometry group acting 
freely and properly on E 2 ' 1 . We assume that T is not amenable (i.e., not 
solvable). Then E 2,1 /T is said to be a Margulis space-time. T injects under 
C to C(T) acting properly discontinuously and freely on S + . By Mess [33| . 
L is a free group of rank > 2. (See [22] where this nontrivial fact was first 
discovered and Section 3 of [27] for details.) Thus, we restrict ourselves to 
the group actions of free groups of rank > 2 in this paper. 

A real projective structure on a manifold is given by an atlas of charts to 
MP 2 with projective transition maps. Such geometric structures were first 
considered by Kuiper, Koszul, Benzecri and so on in the 1950s and 1960s. 
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Further developments can be seen in Goldman [26] , Choi and Goldman [12] , 
and Cooper, Long, and Thistlethwaite [13] and [Tlj . 

Let us denote by § the double-cover of MP 2 where 8 will be realized as 
the space of (oriented) directions in E 2 > . Hence, S0(2, 1) acts on S locally 
projectively. We will use a closed real projective surface that is the quotient 
of a domain in S. 

Theorem 1. Let V C S0(2, 1) be a free group of rank > 2 acting on the 
hyperbolic 2-space M 2 properly dis continuously and freely but without any 
parabolic holonomy. Let §> := §(V 2,1 ) be the sphere of directions in V 2,1 , 
which is a model for the universal covering space MP 2 — > MP 2 . Then there 
exists a T '-invariant open domain V C S(V 2 ' 1 ) such that V/T is a closed 
surface S. 

These surfaces correspond to closed real projective surfaces of genus g, 
g > 2, discovered by Goldman [24J in the late 1970s. Goldman did not notice 
that although their developing maps from the universal cover E of some such 
surface £ are not covering-spaces onto their images in MP 2 , when lifted to 
the double-covering space SfV 2 ' 1 ) := MP 2 — >• MP 2 , the developing maps 
(remarkably) are covering-spaces onto open domains. That is, the surface is 
a quotient of a domain in § by a group of projective automorphisms. This 
is an MP 2 -analog of the standard Schottky uniformization of a Riemann 
surface as a CP 1 -manifold as observed by Goldman. 

An ra-dimensional open manifold is said to be tame if it is homeomorphic 
to the interior of a compact n-manifold with boundary. We obtain a handle 
body is a 3-dimensional manifold from a 3-ball B 3 by attaching YLi=i D 2 x I 
by imbedding JJ^ =1 D 2 x dL into dB^ where D 2 is a standard disk for each 
i and / is the unit interval with boundary dl. 

Theorem 2. Let M be E 2,1 /T where E 2 ' 1 is the standard Lorentzian space 
with the standard norm given by and let T be a nonamenable 

orientation-preserving free Lorentzian isometry group acting freely and prop- 
erly discontinuously on E 2 ' 1 . Assume that the linear part ofF does not con- 
tain any parabolic elements. Then M is homeomorphic to the interior of a 
handle body of genus equal to the rank of the free group T. 

Originally, we thought of a proof using the constant Gauss curvature sur- 
faces of Labourie years ago. However, we have not been able to complete it 
for a while. Here, we came up with a simpler approach using compactifica- 
tions and Dehn's lemma. 

We define in this paper that a complete geodesic on a quotient space of 
a hyperbolic space or a Lorentzian space is weakly recurrent if it is bounded 
in both directions; that is, the closure of the forward part is compact and 
so is that of the backward part; i.e., the a-limit and the w-limit are both 
nonempty and compact. This is the same as the term "recurrent" in |27] 
and [8], which does not agree with the common usage in the dynamical 
system theory whereas the recurrence set they discuss is the same as the 
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nonwandering set as in Eberlein [19J and Katok and Hasselblatt [30J: the 
reason is that these are geodesies with both endpoints in the limit sets and 
they coincide with the nonwondering set in [pjJ] by Corollary 3.8 there. 

In some sense, the work of Goldman, Labourie, and Margulis [25] on 
weakly recurrent geodesies on M implies tameness: A Margulis space-time is 
geometrically finite in some sense since every closed geodesic is in a bounded 
neighborhood. We will explain our particular viewpoints on this in Section 
six. 

In Section one, we review facts on real projective structures and geometry 
that we need. We compactify E 2 ' 1 by a real projective 2-sphere § that is 



just the space of directions in E 2 ' 1 . (The discussion on arcs in Sections 1.5 
and 1.6 were written jointly with Goldman.) 

In Section two, we prove Theorem [T] This will be done by finding an open 
domain £ in the boundary § of E 2 ' 1 where T acts properly discontinuously 
and freely. S/T is shown to be a closed real projective surface X. Such 
a surface was constructed by Goldman |24| : however, we realize it as the 
quotient of an open domain in the sphere §, which is a union of two disks 
and infinitely many strips joining the two. 

Now let r be as assumed in Theorem [2j In Section three, we recall the 
work of Goldman, Labourie, and Margulis [28J on weakly recurrent geodesies 
on the Margulis space-time. Their work in fact shows that all weakly recur- 
rent space- like geodesies in a Margulis space-time are in a uniformly bounded 
part. 

In Section four, we prove the proper discontinuity of the action of the 
group r on E 2,1 U X. We first show that for a fixed Lorentzian isometry g, 
we can push every compact convex subset of E 2,1 US into an e-neighborhood 
of the attracting segment of g in § by g % for sufficiently large i. (This is the 
key model of our proof.) 

We next show that for any compact set K C E 2,1 U X, there are only 
finitely many g G V so that g{K) n K ^ 0. Suppose not. We find a sequence 
{gi} so that gi{K) n K 7^ 0. Using the work [2H], we show that we can 
find an infinite sequence {gi} that behave almost like {g 1 } in the dynamical 
sense as i — > oo. In other words, we can find a uniformly bounded sequence 
of coordinates to normalize gi into fixed forms and these coordinates are 
convergent. 

In Section five, we prove the tameness of E 2,1 /T, i.e., Theorem [2] using 
the classical 3-manifold topology as developed by Dehn and so on. 

In Section six, we show that there exists an invariant set of hyperplanes 
asymptotic to the limit set A of T on C1(S+). This gives us two disjoint 
T-invariant closed convex domains in E 2 ' 1 asymptotic to A and its antipodal 
set A_ in S. (This is a generalization of a result of Mess |33j.) 

In Section seven, we also define "geometric finiteness" in this setting and 
show that there exists a topological core of a Margulis space-time that con- 
tains all space-like weakly recurrent geodesies. 
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This work was started as a joint work with William Goldman from his 
question on the bordification of the Margulis space-time during the Newton 
Institute Workshop titled "Representations of Surface Groups and Higgs 
Bundles" held in Oxford during March 14th to 18th. The bordification idea 
is originally due to Charles Francis [2UJ where he found a bonifications of 
the Margulis space-times in the conformal sense. 

We benefited from discussions with Virginie Charette, Todd Drumm, and 
Francois Labourie clarifying the issues here. We also thank Yves Coudene 
for clarifying issues with geodesic flows. Of course, the author is very much 
indebted to William Goldman for discussing with him through many phases 
of this work for which he is very grateful. The author thanks the Newton 
Institute and the Institut Henri Poincare where parts of this work were 
carried out. 

1. Preliminary 

1.1. Real projective structures on manifolds. The projective space is 
given by 

MP™ = (R n+1 - {O})/ ~ where v ~ w if v = sw for s G R - {0}. 

The general linear group is sent 

GL(n + 1,R) -> PGL(n + 1,R) := GL(n + l,R)/ ~ 

where two linear maps L\ and Li are equivalent if L\ = sL<i for s£R- {0}. 
A map of an open subset of MP n to one of MP n is projective if it is a restriction 
of an element of PGL(n + 1,R). 

The projective geometry is given by a pair (MP ra , PGL(n + 1,R)). A real 
projective structure on a manifold M is given by a maximal atlas of charts to 
RP n with projective transition maps. The manifold M with a real projective 
structure is said to be a real projective manifold. A projective map for two 
real projective manifolds M and N is a map / : M — > N so that <p° f ° V 7 " 1 
is projective whenever it is defined where <fr is a chart for N and ip~ 1 is a 
local inverse of a chart for M. 

A real projective structure on a manifold M gives us an immersion dev : 
M — > MP n that is equivariant with respect to a homomorphism h : 7q(M) — > 
PGL(n + l,R): i.e., 

dev o j = h(j) o dev for every 7 E 7ri(M). 

Here, dev is called a developing map and h is called the holonomy homo- 
morphism. (dev, h) is only determined up to an action of PGL(n + 1,M) 
where 

#(dev, h(-)) = (go dev, gh(-)g~ l ) for g G PGL(n + 1,M). 

Conversely, such a pair (dev, h) will give us a real projective structure since 
dev gives us charts that have projective transition maps. (See |10| for 
details.) Furthermore, given a regular cover M of M and an immersion 
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D : M — > RP n equivariant with respect to a homomorphism h : G — > 
PGL(n + 1,R) for the deck transformation group G of M, we also obtain a 
real projective structure on M. 
We can identify S™ with 

(R n+1 - {O}) I ~ where v ~ w if v = sw for s > 0. 

There exists a quotient map q\ : S n — > RP n given by sending a unit vector 
to its equivalence class. This is a double-covering map, and it induces a real 
projective structure on S n . The group Aut(S n ) of projective automorphisms 
is isomorphic to the group SL±(n+ 1, R) of linear maps of determinant equal 
to ±1 with the quotient homomorphism SL±(n + l,R) — > PGL(n + l,R) with 
the kernel ±1. 

For an open domain D in S n and a discrete group T in Aut(S n ) acting on 
it properly discontinuously and freely, D/T has a real projective structure 
since qi\T> gives an immersion and the homomorphism 

T C Aut(S n ) -»• PGL(n + 1,R) 

gives a holonomy homomorphism. 

In this paper, we will study only S 3 . A homogeneous coordinate system 
of S 3 is given by setting a point p of S 3 be given coordinates [t, x, y, z] where 
r7T~~~Y] represents p as a unit vector in S 3 . Again 

[t, x, y, z] ~ [t', z', y', z'} iff (t, x, y, z) = X(t' , x' , y' , z') for A > 0. 

There is the antipodal map 

si : S 3 -)• S 3 given by [v] ->■ [-v]. 

Given a subset or a point K of S 3 , we denote by K_ the set of antipodal 
points of points of K. Here, we denote by pqpZ the unique closed segment in 
S 3 with endpoints p and p^ passing through q not equal to p ot p^. By pq, 
we denote the unique closed segment in S 3 with endpoints p and q provided 
p q and p ^ q 

A subspace of S 3 is a subset defined by a system of linear equations in 
R 4 . A line is a 1-dimensional subspace. A singleton is not a subspace. 
A projective geodesic is an arc in a line. We will be using the standard 
Riemannian metric on S 3 to be denoted by dg3. Notice that the geodesic 
structure of S 3 is the same as the projective one. Thus, we will use the 
same term "geodesies" for both types of geodesies. Geodesies and totally 
geodesic subspaces are all subsets of lines or subspaces in S 3 . A projective 
automorphism sends these to themselves, while it does not preserve any 
metric. A pair of antipodal points on S 3 is the equivalence class [v] of a 
nonzero vector v and one [—v] of —v. A segment connecting two antipodal 
points is precisely a segment of the d S 3-length it. 

The Lorentzian space E 2 ' 1 is the affine space R 3 equipped with a nonde- 
generate bilinear form B of signature 1,1,-1. If we choose the origin in 
E 2,1 , we obtain the Lorentzian vector space V 2,1 . 
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One can think of M 3 to be identical with E 2 ' 1 and the complement of a 
subspace of codimension-one in MP 3 , so called the complete affine subspace. 
Now M 3 = E 2,1 lifts a subspace of S 3 double-covering MP 3 . The closure 
of the lifted E 2 ' 1 is a standard hemisphere J^, and E 2 ' 1 can be identified 
with the open hemisphere The boundary S 2 of E 2 ' 1 is the subspace of 
codimension-one identifiable with the projective 2-sphere § of directions in 
M 3 . (We identify E 2 ' 1 with the open affine space given by t > in S 3 from 
now on for convenience.) 

The sphere 8 corresponds to the hyperplane given by t = and the 
origin of E 2,1 is given by [1,0,0,0], and by choosing O. For this system 
of coordinates, we have that the point (x, y, z) G E 2,1 is given coordinates 
[l,x,y,z]. 

We will often identify § with the sphere of radius 1 in IR 3 and as a 
codimension-one totally geodesic subspace of S 3 . § also has a homoge- 
neous coordinate system [x, y, z] assigned to a vector p in § of unit length 
1 if n^l'f'fli = p- In the larger coordinate system [x, y, z] is identical with 
[0,x,y,z]. 

We will also be using a fixed Euclidean metric on E 2 ' 1 compatible 
with the affine coordinate system. It is of great importance that projective 
geodesies, spherical geodesies, and Euclidean geodesies on E 2 ' 1 are the same 
ones up to parametrizations. 

The group lsom + (E 2,1 ) of orientation-preserving Lorentzian transforma- 
tions of E 2 ' 1 is in the group Aff + (E 2,1 ) of orientation-preserving affine trans- 
formations of E 2 ' 1 . Aff + (E 2,1 ) can be identified with the subgroup of Aut(S 3 ) 
of orientation-preserving elements acting on R 3 = E 2,1 , preserving S, since 
any affine transformation of M 3 extends to a projective automorphism of 
MP 3 and hence to an automorphism of S 3 analytically. The elements of re- 
spective groups are called projective automorphisms of Lorentzian type and 
ones of affine type or just Lorentzian isometries or affine transformations. 
A quasi-isometry of S 3 is a homeomorphism / : S 3 — > S 3 so that 

C-Mssfoy) < d s s(/(s),/(y)) < Cd s3 (x,y) for x,y G S 3 

where C > is independent of x,y. Elements of Aut(S 3 ) including ones 
extending the Lorentzian isometries are quasi- isometries of S 3 . 

1.2. Notation: Topology and geometry of projective S 3 . We will 

denote by bd^4 or bdx^4 the topological boundary of a subset A of some 
topological space X and by int^4 or intx^4 the topological interior. If A is 
a topolgical manifold with boundary, we will denote the manifold boundary 
by dA and we will denote the manifold interior by A°. 
Given a pair of points or sets A and B, we define 

d s s{A,B) = inf{d s3 (a;,y)|x G A,y G B}. 

An e -neighborhood N e (A) for a number e > of a subset A of S 3 is the set 
of points of d S 3-distances less than e from some points of A. 
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We define the geometric Hausdorff distance dg 3 (A, B) between two com- 
pact subsets A and B of S 3 to be the infimum of 

{e > 0|5 C N t (A) and A C N e (B)}. 

A sequence of compact sets {Ki} in S 3 converges or converges geometrically 
to a compact subset K if for every e > 0, there exists N so that for i > N, 
dg 3 (K, Ki) < e or equivalently 

K C N e (Ki) and K { C N t (K). 

The space of compact subsets of a compact Hausdorff space with this met- 
ric is compact Hausdorff also and hence every sequence has a convergent 
subsequence. 

1.3. Real projective structures on surfaces. Let $ be a projective auto- 
morphism PGL(3,M) represented by a diagonal matrix with distinct positive 
eigenvalues. Then it has three fixed points in MP 2 : an attracting fixed point 
of the action of (i?), a repelling fixed point, and a saddle- type fixed point. 
Three lines passing through pairs of them are invariant, as are four open 
triangles in the complement of the union of these. The components of the 
lines with fixed points removed are so-called open sides. The union of two 
open sides of one of the open triangles ending at an attracting fixed point 
or a repelling fixed point simultaneously is acted properly and freely upon 
by (•&). The quotient space is diffeomorphic to a compact annulus. The real 
projective surface projectively diffeomorphic to the quotient space is said to 
be an elementary annulus. 

Take two adjacent i?-invariant triangles among the four triangles with 
three open sides of them all ending in an attracting fixed point or a repelling 
fixed point. Then the quotient of the union by (•&) is diffeomorphic to an 
annulus. A projectively diffeomorphic real projective surface is said to be a 
n-annulus. (See |1(J| and |llj for more details.) 

Let S be the universal cover of a real projective surface S with a develop- 
ing map dev : S — > MP 2 and a holonomy homomorphism h. For a circle S 1 , 
a closed geodesic c : S 1 — > S is a closed curve where given a lift c : M — > S of 
c, dev o c is a straight arc in RP 2 . A closed geodesic is principal if for a lift c 
to the universal cover S, dev o c is an imbedding to a straight arc connecting 
an attracting and a repelling fixed point of ^1(7) for a deck transformation 
7 of S satisfying c(t + 2ir) =70 c(i). (Here 7 is said to be the corresponding 
deck transformation of c and c and it exists uniquely.) 

A properly convex domain in MP 2 is a bounded convex domain of an 
affine subspace in MP 2 . A real projective surface is properly convex if it is 
a quotient of a properly convex domain in MP 2 by a properly discontinuous 
and free action of a subgroup of PGL(3,M). 

A disjoint collection of simple closed geodesies c±, . . . ,c m decomposes a 
real projective surface S into subsurfaces Si,..,S n if each Si is the closure 
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of a component of S — U«=i m c * where we do not allow a curve c, to have 
two one-sided neighborhoods in only one Si for some i. 
In [IT] , we proved: 

Theorem 3 (Choi). Xe£ S 6e a closed orientable real projective surface with 
principal geodesic or empty boundary and x(£) < 0. Then £ /ias a collection 
of disjoint simple closed principal geodesies decomposing £ into properly con- 
vex real projective surfaces with principal geodesic boundary and of negative 
Euler characteristic and/or ir-annuli with principal geodesic boundary. 

1.4. Joins. Suppose that two compact subsets A and B of S 3 have no pairs 
of points x £ A, y £ B so that x and y are antipodal. Then the join J(A, B) 
is the union of all segments of d S 3 -lengths < ir with single endpoints in A 
and the other ones in B. In a set theoretic terms, 

(1) J(A,B) = qi({c 1 u 1 +c 2 u 2 \ci,C2 > 0,Ui € q^{A),u 2 G q^{B)}) C M 4 . 

Normally, A U B is required not to have antipodal points here. However, 
we later need exceptional cases when one of them A is a great circle and B 
is a point and every segment from B to A is of d§3 -length < tt — e for a 
fixed e > 0. In this case, J(A, B) is a hemisphere, a totally geodesic disk 
with geodesic boundary in S 3 , a convex set. 

If A and B are convex and AL) B has no pair of antipodal points, then 
J(A, B) is also properly convex. The proof can be seen by reverting back to 
M 4 by equation [l] 

Lemma 4. Let A{ and Bi be a sequence of properly convex compact subsets 
of S 3 geometrically converging to properly convex compact sets A and B 
respectively. Suppose that A U B has no antipodal pair of points. Then the 
sequence {J{\ of the join Ji of Ai and Bi for each i converges to the join J 
of A and B . 

Proof. Clearly, Ai and Bi have no antipodal pair of points for sufficiently 
large i. Now this is straightforward. □ □ 

Lemma 5. Let {hi}i^x + be a sequence of hemispheres in S 3 with dhi con- 
verging to a great circle Sq and suppose that a sequence of points {pi\pi G 
h°}i£i, + converges to a point not in Sg. Then hi converges to the hemi- 
sphere hoo with boundary Sg containing poo ■ 

Proof. The hemisphere hi is a join of pi with dhi an d is a union of segments 
from pi to points on dhi. Since p^ is not antipodal to points of Sj, the 
result follows. □ □ 

1.5. Oriented Lorentzian vector spaces. Let (V 2 ' 1 , •, Det) denote a three- 
dimensional oriented Lorentzian M-vector space. That is, V 2 ' 1 = M 3 and is 
given a symmetric bilinear form 

B : V 2 - 1 x V 2 ' 1 — ► R 
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defined by (v, u) i— > v • u of index 1 and a nondegenerate alternating trilinear 
form 

V 2 ' 1 x V 2 ' 1 x V 2 ' 1 — ► R 

defined by (v, u,w) >->■ Det(v, u,w). Its automorphism group is the special 
orthogonal group SO(2, 1). 

The Lorentzian structure divides § into three open domains § + ,§o>§- 
separated by two conies bdS + and bd§_. Let § + C § denote the set of 
future time-like directions; its boundary bdS + consists of future null direc- 
tions. Similarly, let §_ C § denote the set of past time- like directions with 
boundary bdS_ consisting of past null directions. Both S + and §_ are cells, 
interchanged by si '. The set So of space-like directions forms an ^-invariant 
annulus bounded by the disjoint union bdS + ]JbdS_. 

Recall that §+ is the Beltrami-Klein model of the hyperbolic plane where 
S0(2, 1) acts as the orientation-preserving isometry group. Here the metric 
geodesies are precisely the projective geodesies and vice versa. (We will use 
the same term "geodesies" for both types of geodesies for ones in §+ and 
later §_.) The geodesies in S + are straight arcs and bdS + forms the ideal 
boundary of §+. For a finitely generated discrete subgroup V in S0(2, 1), 
§+ /r has a complete hyperbolic structure as well as a real projective struc- 
ture with the compatible geodesic structure. 

Alternatively, we can use §_ as the model and §_/T has a complete 
hyperbolic structure as well as a real projective structure. Since S + and §_ 
are properly convex, these are examples of properly convex real projective 
surfaces. 

1.6. Null half-planes. Let N denote the nullcone in V 2 ' 1 , that is, the 
collection of all vectors v G V 2 ' 1 with v • v = 0. Its projectivization P(N — 
{O}) consists of all null lines in V 2 ' 1 . If v G M — {O}, then its orthogonal 
complement v 1 - is a null plane which contains the line Rv. The line Mv 
separates v- 1 into two half-planes. 

The orientation on V 2,1 determines an SO(2, l)-invariant way to uniquely 
associate a component of v 1 - — IRv to IRv as follows. Since v G M, its direction 
lies in either bdS + or bd§_. Choose an arbitrary element u of S + or S_ 
respectively, so that the directions of v and u both lie in Cl(§+) or C1(S_) 
respectively. (For example u = (0, 0, ±1) would be sufficient.) Define the 
null half-plane W(y) (or the wing) associated to v as: 

W(v) := {w £ v 1 Det(v,w, u) > 0}. 

Since the Lorentzian product u v is in W(y), the directions in the wing 
satisfy the right-hand rule. Since W(y) = W{s4{y^), the null half-plane 
W(y) depends only on Rv. The corresponding set of directions is the open 
arc 

e(v) = e(M) := 
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in So joining [v] to ^/([v]) = [— v]. Since v -1 is tangent to Af, the arc e(v) is 
tangent to bdS+. The orientation of bdS+ as the boundary orientation of 
S+ agrees with the orientation of e(v) away from [v]. 

The corresponding map [v] i — > e(v) is an S0(2, l)-equivariant map 

bdS+ -»• S 

where S denotes the set of half-arcs of form e(v) for v 6 bdS+. The arcs 
e([v]) for v 6 bdS+ foliate So as we can see from an S 1 -action fixing [±1, 0, 0] 
where S 1 is a subgroup of SO(2, 1). Let us call the foliation J 7 . 
Hence So has a SO(2, l)-equivariant quotient map 

n : S -»• P(Af- {O}) S 1 

and e([v]) = U~ l ([\/]) for each v G M - {O}. 

Consider a future-pointing null vector of Euclidean length a/2: 



cos(6) 
sin(0) 
1 



for 8 6 [0, 2tt) 



Then W(ng) consists of all 



Pe(t,s) := tn e + s 



- sin(0) 
cos(0) 




where t G 1 and s > 0. The arc cq := e(ne) on the sphere of directions S is 
parametrized by as unit vectors 



1 
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(t,VT^2) 



as — 1 < t < 1. (As an element of S 3 , its homogeneous coordinates equal 



[o,- 7 = Pe (t,v / r^)] 



where -^p$(t,y/l — t 2 ) is used as the last three coordinates.) 

The other component of v 1 - — Mv could also be used as a wing W(v), but for 
the opposite orientation on V 2 ' 1 . Alternatively, these negatively oriented null 
half-planes are the images of the positively oriented null half-planes under 
the antipodal map srf (which reverses orientation in dimension three). This 
phenomenon appears in the theory of crooked planes, where one must choose 
a class of orientations for crooked planes, as well as the Margulis invariant, 
where the choice of orientation plays a crucial role. 

Since we have no need to consider negatively oriented null half-planes, 
we henceforth restrict our attention to positively oriented null half-planes in 
this paper. 

li 



Figure 1 . The tangent geodesies to disks §+ and §_ in the 
unit sphere § imbedded in M 3 . 




-4 -2 2 4 



Figure 2. The tangent geodesies to disks §+ and in the 
stereographically projected S from (0, 0, —1). Radial arcs are 
geodesies. The inner circle represents the boundary of §+. 
The arcs of form e(x) for x £ bd§+ are leaves of the foliation 
T on §o- 

2. The real projective surface that is a quotient of a domain 

IN S. 

Goldman constructed a real projective surface S with a free holonomy 
group in |24j . The holonomy group is in the image PSO(2, 1) of SO(2, 1) in 
PGL(3,R). We will show that a domain in S regularly covers E. 

12 



2.1. The construction of the T-invariant domain. As above, let T be 
an orientation-preserving finitely generated Lorentzian isometry group with- 
out any parabolic elements acting freely and properly discontinuously on §> + 
(or equivalent on §_) isomorphic to a free group of finite rank > 2. Then 
§-i_/T is a complete genus g hyperbolic surface with b ideal boundary com- 
ponents where b > 1 and g is just some integer > 0. In other words, S_|_/r 
can be compactified by adding boundary components to a compact surface 
S' + with b boundary components. (E' + itself is a real projective surface with 
boundary.) The universal cover T,' + of S' + is identified with a domain §> + 
union a collection of open arcs in bdS + . (At the moment, we do not require 
that T acts properly discontinuously or freely on E 2 ' 1 . ) 

Let A denote the limit set of an orbit T(x) for x £ §>+, which is indepen- 
dent of the choice of x, as is well-known from the classical Fuchsian group 
theory. We know from the Fuchsian group theory that A is a Cantor subset 
of bdS + and of Lebesgue measure zero and the set of fixed points of non- 
identity elements of T is dense in A. We can identify as C1(S+) — A. 
(See Chapter 8 of Beardon [3j or Chapter 2 of Marden [32] for the classical 
Fuchsian group theory used here.) 

We will be using the same symbols for T its extension to S 3 and its element 
g and its extension to S 3 . We identify S with the boundary of Jtf, called a 
boundary sphere. T acts on the standard circles bdS± and the interiors S± 
in §. Then each nonidentity element g of T has an attracting fixed point 
a in bdS_|_, a repelling fixed point r in bd§ + , and a saddle- type fixed point 
s in So- Of course, their antipodes in § are also an attracting fixed point 
a_ in bd§_ and a repelling fixed point r_ in bd§_ and a saddle-type fixed 
point s_ in So respectively. 

Since g acts on bdS+ and fixes a and r, we obtain that g acts on the two 
1-dimensional subspaces tangent to bd§+ at a and r. Hence, {s, s-} is their 
intersection. Therefore, we deduce that 

(2) {s,-s} C e(a)Ue(r) 

as e(a) and e(r) are disjoint halves of these 1-dimensional subspaces. 

Let J be the set indexing the boundary components of £'. We denote the 
boundary components of £' by bj,i £ J . We obtain a convex domain + 
closed in S + bounded by a union of straight segments \ for i £ J with same 
endpoints as bj. That is, L. are geodesies in S + connecting ideal endpoints of 
bj. Here, lj is (gj)-invariant for a unique primitive element of g« 6 T where g« 
acts along the orientation of \ . Since T acts a geometrically finite Fuchsian 
group on S + without parabolics, the classical Fuchsian group theory tells us 
that fi+/r is a compact hyperbolic surface with geodesic boundary that is 
the convex hull of §+ /T and homeomorphic to . 

We now denote by the domain of antipodal points of £' in that 
is, = £/(£'). We note that T acts properly discontinuously and freely 
on by antipodality, and £'_/r is a compact real projective surface with 
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geodesic boundary diffeomorphic to £+. Denote it by Also, let be 
the set of antipodal points to J7+ . Then T acts properly discontinuously and 
freely on Q + and . Denote the respective compact quotient surfaces with 
geodesic boundary by E'_|_ and T!!_ . 

For each point x of bd§+, we recall that e(x) is an open segment of 
length 7r with end points x and — x tangent to bdS+. The open arcs e(x) 
for x G bdS + give leaves of the foliation T in So- Let us give an induced 
orientation on and hence an induced orientation on each lj for i G J . 
Let "Pi and qi denote the forward and backward end points of lj. We draw 
a segment Sj = e(pj). We also draw a segment ti = e(qi). Then lj, Sj, ti, In- 
bound an open disk invariant under (gj), which we call a sirip. We denote 
by TZ{ the open strip union with lj and lj,- . (See Figures [T] and [2] for the 
pictures of these arcs tangent to S + and §_.) 

Using J 7 , we obtain: 

Proposition 6. The strips IZi and IZj are disjoint for i 7^ j where i, j £ J . 

Proof. Since S{,ti,Sj,tj are all leaves of J- corresponding to distinct points 
of bdS + , we obtain the disjointness. (See Figure [3j) We have that does 
not intersect ti,Sj,tj for i ^ j, i, j G J, and ti does not intersect Si,Sj,tj 
for i 7^ j. The elements 1, and lj 5 _ for i G J are mutually disjoint. Thus 
the boundary bd7£j and bdT^j for i ^ j are disjoint. Hence, the conclusion 
follows. □ □ 

Goldman in his thesis classified compact annuli with geodesic boundary 
and holonomy matrices that are diagonalizable with distinct positive eigen- 
values [23] following Nagano- Yagi [35]. (See [11] also.) 




Figure 3. The quotient spaces of the two "lune" regions are 
7r- annuli. 
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Proposition 7. Given TZi for i G J and 7 G T, we either have 

7 (7^) = Ki or -/(TZ,) n Ki = 0. 

In the former case, 7 = gf, n G 7L for the deck transformation g, corre- 
sponding to lj. Furthermore, (TZi U lj U 1, )/(gj) zs a compact annulus with 
geodesic boundary that decomposes into two n-annuli or four elementary 
annuli along some collection of simple closed geodesies. 

Proof. If we have TZir\j(TZi) 7^ 0, then we obtain l»n7(li) / 0. Since 1, goes 
to boundary components of it follows that 1, = 7(lj) and TZi = j(TZi) 

and 7 = g™ for n G Z. 

There is a subspace I of dimension 1, a geodesic circle, containing lj and 
li : in S 2 . I and t{ bound a closed disk Z?i and if we remove ij and the 
fixed points at the ends of lj, we see that this region covers a it- annulus 
with principal boundary components. The similar statement is true for 
the disk bounded by I and Sj. Therefore, Ai := (TZi U lj U lj j _)/(gj) is a 
union of two compact 7r-annuli. In other words, I — Cl(lj) — 01(1^-) maps 
to a simple closed principal geodesic decomposing Ai into two 7r-annuli with 
principal boundary. (See Figure [3}) Also, each 7r-annulus decomposes into 



two elementary annuli. (See Section 1.3.) □ □ 



We say that for i,j £ J , the annulus TZi/{gi) is equivalent to TZj/(gj) 
if TZj = g(7Zi) and ggig' 1 = gj for g G V. Thus, in fact, there are only b 
equivalence classes of annuli of above form. 

We define Ai = TZiH So for i G J , which equals LLeb £ ( x )- We note that 
Ai C TZi for each i G J . We finally define 

S = S' + U ]J ^ U E'_ 

= s' + u[]aus'_ 

(3) = n+ u JJ 7^ u n_ 

(4) = S- |JCl( e (x)). 

an open domain in S. Since the collection whose elements are of form TZi 
mapped to itself by T, we showed that T acts on this open domain. 

2.2. The real projective surface. First, S does not contain any fixed 
point: Suppose that g G V acts on lj for some i G J ' . Then g acts on TZi and 
the four attracting and repelling fixed points are the vertices of TZi and two 
saddle-type fixed points are in Sj or ij. Hence, they are outside E. 

Suppose that g G V — {1} does not act on any of the boundary compo- 
nents. Then it has four attracting and repelling fixed points o, r G bdS + 
and a_,r_ G bd§L. By equation [2j saddle-type fixed points s and s_ are 
either on a great segment e(a) or the other one e(r) tangent to bdS + at a 
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Figure 4. A figure representing an actual free group ac- 
tion with some of the arcs and drawn in point-plots on 
stereographically projected sphere as in Figure [2} 

and r respectively. Since we have a, r £ A, the fixed points are outside £ by 
equation [4} 

For a subgroup G C SO (2, 1) whose elements are orientation-preserving on 
, and any open domain T> where G acts freely and properly-discontinuously 
on, T>/G has an induced orientation from §+. 

Theorem 8. Let T be an orientation-preserving Lorentzian isometry group 
without any parabolic elements acting freely and properly dis continuously on 
§+ (or equivalent on §_ ) isomorphic to a free group of finite rank > 2. Let 
b be the number of ideal boundary components o/S+/r. Then 

• there exists an open domain T> in S where T acts properly discontin- 
uously and freely, and T>/T is homeomorphic to a closed surface of 
genus g, g > 2. 
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• As a real projective surface T>/T decomposes along simple closed 
principal geodesies into a union of b annuli Ax , . . . , and two 
convex real projective surfaces X" and X" . Each annulus A4, i = 
1, . . . , b decomposes into two ir -annuli. 

• r also acts properly dis continuously and freely on T>- and T>-/T is 
a closed real projective surface diffeomorphic to T>/T. 

• 2?_ also decomposes into X" and X" and b annuli A^. 

• The antipodal map srf : § — > § induces a real projective diffeomor- 
phism between T>/T and D-/T. 

Proof. We begin by letting D = X obtained as above. We showed that T 
has no fixed point on T>. Let CI© {Ai) denote the closure of Ai in T> for each 
i £ J. 

Now r acts properly discontinuously on X^ and X'_ and each g E V 
sends C\x>(Ai) to CId (Aj) for j ^ i or g is in the infinite cyclic subgroup 
of T acting properly discontinuously on Clx>(„4j) if g(Clx>(Ai)) = Clx> (Ai). 
Hence, T acts properly discontinuously on \J ie j Clx>(Ai). 

For any compact set K in S, we consider the compact sets i^i := i^nE^_ , 

-fT_i := H and -Ko := K D Uiej7 Clx>(-4i) since these are closed. We 
have K = K + U K- U Kq. Note that meets only finitely many C\jy{Ai). 

If g{K) HK ^(D,we have fif(ifi) n K { f for some j = -1, 0, 1. Since V 
acts properly discontinuously on E' + and and \J ie j Cli>(Ai) respectively, 
there exist only finitely many element g of T so that g(K{) n -?Q 7^ for each 
i, i = —1,0, 1. We showed that T acts properly discontinuously and freely 
on D. 

For the second item, we see that T>/T decomposes along the images of the 
union of lj, G J to and X" and annuli bounded by images of the 
union of lj and i £ J . We see from Proposition [7] that these annuli are 
obtained from two 7r-annuli. 

The third item follows since the antipodal map si conjugates T to itself 
and si (T>) = T>- . Let k denote the induced diffeomorphism S —> T>- /T 
where k sends X" to X" and vice versa, k sends annuli in X to ones in 
D-/T but they do not share subdomains in the universal cover. (Actually 
IZi goes to its antipodal image which is distinct from IZi for each i £ J .) 

The rest follows from this observation. □ □ 

3. The work of Goldman, Labourie and Margulis 

In this section, we will briefly sketch the relevant results of Goldman, 
Labourie, and Margulis in [2H] and |27j . 

Let r be a nonamenable orientation-preserving Lorentzian isometry group 
without any parabolic elements acting freely and properly discontinuously 
on E 2 ' 1 and hence on S + (or equivalent on S_) isomorphic to a free group of 
finite rank > 2. Then S+/T is a complete genus g hyperbolic surface with b 
ideal boundary components. For convenience, denote by X + the interior of 
the surface X^_ from now on. That is, X + = S+/r. 
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3.1. Margulis invariants. Given an element g G T, let us denote by v+(g), 
vo(g), and v_(g) the eigenvectors of the linear part C(g) of g correspond- 
ing to eigenvalues > 1, = 1, and < 1 respectively. v+(g) and v_(g) are 
null vectors and vo(g) is space-like and of unit norm. We choose so that 
{v + (g), vo(g), v_(#)} are in the standard orientation of IR 3 ; or v_(g)<g>v_|_(g) = 
v o(#)- We recall the Margulis invariant fj, : T — > M 

M(fl) : = B (5^ - x, v (g)) for # G T, x G E 2 ' 1 , 

which is independent of the choice of x in E 2 ' 1 . (See [18J for details.) 

If r acts freely on E 2,1 , then Margulis invariants of nonidentity elements 
are all positive or all negative by the Opposite sign-lemma of Margulis (See 
|28|.) We can change the all signs of the Margulis invariants by changing the 
orientation of E 2 ' 1 . From now on, we assume that the Margulis invariants 
of nonidentity elements are all positive. 

Let US + be the unit tangent vector bundle over § + , and let U(S+/r) = 
US + be the unit tangent vector bundle over S+/r = £+. A geodesic current 
is a Borel probability measure on U(S+/r) which is supported on a union 
of weakly recurrent geodesies. We denote by C(S+/r) the space of geodesic 
currents supported on unions of closed geodesies which is a dense subset. In 
the second main theorem of |28] , they extend the Margulis invariants to the 
geodesic current space on the hyperbolic space §+/I\ i.e., diffused Margulis 
invariants for currents. 

The Margulis invariants of elements of C (§+ /T) are positive by the sec- 
ond main theorem in [28], and the subspace of currents supported closed 
geodesies with total measure 1 is precompact in C(S + /T). It follows that 
there exists a global C > independent of g G T so that 

(5) J^>Ciorger-{I} 

where Z§ + (g) denotes the minimum of the hyperbolic distances between x and 
g(x) for x G §+. (This equals the length of the closed geodesic represented 
by g-) 

We remark that the positivity of the diffused Margulis-invariants is equiv- 
alent to the proper discontinuity of the action of V as it is the main result 
of [28]. 

3.2. Neutralized sections. We note that V acts on US+ as a deck trans- 
formation group US + . (We denote US + with US + sometimes and let ILj 
denote the covering map.) They in [27] following the idea of David Fried 
constructed a flat affine bundle E over the unit tangent bundle US + of E + 
by forming E 2 ' 1 x US+ and taking the quotient by the diagonal action given 
by the inclusion map 

h:T-> lsom+(E 2 ' 1 ) C Aut(S 3 ) 

where 7(2;, v) = (^(7) (a;), 7(1;)) for a deck transformation 7 of the cover US+ 
of US + . The cover of E is denoted by E and is identical with E 2 ' 1 x US+. 
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We denote by 

tt E 2,i : E = E 2 ' 1 x US+ E 2 ' 1 

the projection. 

We can form a flat vector bundle V over US+ by forming V 2 ' 1 x US+ and 
taking quotient by the diagonal action given by C o h. 

A neutral section of V is a S0(2, l)-invariant section which is parallel 
along geodesic flow of A neutral section v : U£+ — >• V arises from a 

graph of the S0(2, l)-invariant map 

v : US+ -> V 2 ' 1 

with the image in the space of unit space-like vectors in V 2 ' 1 : v is defined 
by sending a unit vector u in U§+ to the normalization of the Lorentzian 
cross-product p(u) ® a(u) of the null vectors p(u) and a(u) respectively 
representing the the starting point and the ending point in bdS + of the 
hyperbolic geodesic tangent to u in S+. (See Section 4.2 of [28] for details.) 

Lemma 9. Suppose that u is a unit tangent vector to a geodesic where a 
deck transformation 7 acts on along the orientation given by u. Then 

• p(u) and a(u) respectively correspond in §+ a repelling fixed point 
and an attracting fixed point on bd§>+, 

• is an eigenvector of £(7) and corresponds to the saddle-type 
fixed point of 7 in So • 

• 7 acts on a unique space-like line in E 2,1 in the direction of 
actually by the vector p{^)u{u). 

Proof. Since the geodesic is invariant, the endpoints are attracting or re- 
pelling fixed points. The Lorentzian cross-product of the attracting eigen- 
vector and the repelling eigenvector is clearly another eigenvector. The final 
item is from an interpretation of Margulis invariants. □ 

Let U rec S+ denote the set of unit tangent vectors of weakly recurrent 
geodesies on £+. We recall 

Lemma 10 (|28j). Let S + be as above. Then 

• U rcc S + C US + is a connected compact geodesic flow invariant set 
and is a subset of the compact set 

• The inverse image U rcc S+ of U rec S_|_ in U rec §+ is precisely the set 
of geodesies with both endpoints in A. 

Proof. The first item is in Lemma 1.2 in [28J and the second item is in the 
proof of the same lemma. The connectedness is also proved in Lemma 1.3 
in [28]. □ □ 

Let V be the flat connection on E as a bundle over US+ with fiber iso- 
morphic to E 2,1 induced from the product structure of E = E 2,1 x US+. (See 
Sections 3.2 and 3.3 of [28].) 
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Using the Anosov geodesic flow of E in Lemma 8.4 of [28], Goldman, 
Labourie, and Margulis show that there exists a neutralized section, i.e., a 
section Af : U re cS+ — > E satisfying 

(6) VxM = fv 

where X is the vector field of geodesic flow on U rec S + and / is a real valued 
function defined on U rec £+. Lemma 3 of [27] shows that we can choose 
A" so that / > by changing Af to Af + gu for a suitable real valued 
g : U rcc S+ -> K. 

3.3. Lifting the neutralized section to the coverings. Let U rcc §+ de- 
note the inverse image of U rec S + in U§+. We take a compact fundamental 
domain F in U rcc S+ of T, and then Af lifts on F to a map Af\F to E so that 
for each side pairing g$ G T of F for a side S of F, we have 

N ° gs(u) = g s °N{u) 

(7) = (h(g s )(iT E 2,i oM(u)),gs(u)) for every u e F. 

since A/ - is obtained from an arbitrary lift satisfying this equation and de- 
forming it (see the proof of Lemma 8.3 of [28J ) . Thus, we find the section 
Af : U rec S + -)■ E lifting A" satisfying 

(8) A/" o 7 = 7 o A/" 

for each deck transformation 7 of US+ — > US + . 

Let u' be a unit tangent vector to a closed geodesic in £+. The geodesic 
flow line a on U rec S + tangent to u' will return to u' after a period. Suppose 
that a deck transformation 7 in U rec S+ corresponds to a closed geodesic in 
£+, and acts on a geodesic Z 7 in S + containing a unit vector u. Let I 7 
denote the subspace of unit tangent vectors to L in the 7-direction. Since 

A" is a lift of Af, we have that 7r E 2,i o A"| / ~ maps to a line parallel to 
up to an action of ££f) by equation [6j Since 7 acts on the image of this line 
in E 2,1 by equation[8j and £(7) has £>(u) as an eigenvector by Lemma[9j we 
obtain that 7r E 2,i o Af\ / 7 is a line parallel to P(u). 
Equation [6] also lifts to 

(9) VxM = fi> 

where X is the unit-vector field of geodesic flow on US+, V is the flat 
connection on E 2 ' 1 x US+, and / : U rec S-|- is a positive- valued function. 
Thus, we conclude that the geodesic flow on U rec S + is conjugated to one on 
the image subset of UE 2,1 by a map associated with 7r E 2,i o Af. (We note 
here that the flow speed changes by the diffused Margulis invariants.) 

3.4. A bounded set weakly recurrent geodesies of S + goes to a 
bounded set of ones of E 2,1 /r. Theorem 1 of [27] shows that the image 
of a geodesic 7 of S + mapping to a weakly recurrent geodesic in S + under 
7r E 2,i o A^ is a space-like geodesic in E 2 ' 1 mapping to a weakly recurrent 
geodesic in E 2,1 /r. 
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Let UE 2,1 denote the space of unit space-like vectors at each point of E 2,1 
and U(E 2,1 /r) the space of unit space-like vectors at each point of E 2 ' 1 /]?. 
Denote by U re cE 2,1 in UE 2,1 the inverse image of the subset of U rec (E 2,1 /T) 
composed of unit tangent space-like vectors tangent to weakly recurrent 
space- like geodesies. 

We give the topology of the space £/ rec S_|_ of oriented geodesies in S_|_ map- 
ping to weakly recurrent oriented geodesies in S + by the quotient topology 
from the unit tangent bundle U rec S+- Similarly, we give the topology of the 
space t/ rec E 2,1 of space- like oriented geodesies in E 2 ' 1 mapping to weakly re- 
current geodesies in E 2 ' 1 /]? by the quotient topology from the space U rec E 2,1 . 

A bounded subset of £/ re c§+ is a set of geodesies passing a bounded set in 
US+, and a bounded subset of G Tec E 2,1 is a set of space-like geodesies passing 
a bounded set in UE 2,1 under the Euclidean metric dE- 

Proposition 11. The map N induces a continuous function jV : G rec § + — > 
Q rec E 2,1 where 

• if the oriented geodesic I in §+ is g-invariant for g 6 F, then g acts 
on the space-like geodesic L g the image under JV as a translation. 

• the bounded set of elements of Grec§>+ maps to a bounded set in 
G E 2 ' 1 

yrec<- 

• Finally, the map is surjective. 

Proof. For a flow segment in U rec §+, tt E 2,i ° -A/" sends it to a space-like line 
segment in E 2,1 . This induces JY ' . The first item is discussed in Section 3.3 



The next statement follows by the fact that jY is induced by the contin- 
uous map 7r E 2,i o J\f which sends a compact set to a compact set. 

Clearly our map is surjective from the set of geodesies in S + mapping 
to closed ones in S+/T to the set of geodesies in E 2,1 mapping to closed 
ones in E 2 ' 1 /]? since any a closed geodesic correspond to a unique nontrivial 
element of V in the one-to-one manner. The surjectivity of jY now follows 
by Theorem 1 of [27] by the density of closed geodesies and the continuity 
oijV. □ □ 

4. The proper-discontinuity of the T- action on E 2,1 u S. 

Let r be an orientation-preserving Lorentzian isometry group without 
any parabolic elements acting freely and properly discontinuously on E 2,1 
isomorphic to a free group of finite rank > 2. Recall that S+/T is a complete 
genus g hyperbolic surface with b ideal boundary components. As above, we 
assume that the Margulis invariants of nonidentity elements are all positive. 

4.1. The action of quasi- Anosov automorphisms. A homogeneous co- 
ordinate system of S 3 is given by setting a point p of S 3 to have coordinates 
[t, x, y, z] where (t, x, y, z) divided by its norm represent p as a unit vector in 
S 3 . We identified E 2,1 with the open affine space given by t > 0. We use the 
coordinates so that S corresponds to the hyperplane given by t = and the 
origin O of E 2,1 is given by [1, 0, 0, 0]. The closure of E 2 ' 1 is the hemisphere 

21 



J^ 7 with d.JP = S. For this system of coordinates, (x, y, z) G E 2 ' 1 is given 
homogeneous coordinates [l,x,y,z]. 

A projective automorphism g that is of form 



(10) 



10 

A 

k 1 

i 



A > l,k ^ 



under a homogeneous coordinate system of S 3 is said to be a quasi-Anosov 
projective automorphism, generalizing the terminology "Anosov transforma- 
tion". To explain the terminology, g acts on an open hemisphere to be 
identified with E 2 ' 1 and has an invariant line given by x = 0, z = where it 
acts as a translation and the invariant plane S given by x = and one U 
given by z = containing it. On S, g contracts vectors along a direction by 
a constant 1/A and g expands the vectors along a direction by a constant A 
on U assuming A > 1. The plane S given by x = is said to be the stable 
plane, and the plane U given by z = is said to be the unstable plane. 

Obviously a Lorentzian isometry with a nontrivial translational part is 
quasi-Anosov. 

Let ?7_|_ be the segment with endpoints [0, 1, 0, 0], [0, —1, 0, 0] passing [0, 0, 1, 0] 
in the middle. Let r/_ denote the segment with endpoints [0,0,0,1] and 
[0, 0, 0, —1] passing [0, 0, —1, 0]. These have d S 3 -lengths = it. 

Lemma 12 (Central). Let g\^ denote the automorphism on S 3 defined by 



the above matrix in the equation 10_ for a homogeneous coordinate system 
with coordinate functions t, x, y, z in the given order and let Sg denote the 
subspace given by x = 0. We assume that k > 0, A > 0. Then as X, k — > +oo 
where k/X — > 0, we obtain 

• 5A,fc|S 3 — Sg converges in the compact open topology to a rational map 
Ho given by sending [t,x,y,z] to [0, ±1,0,0] where the sign depends 
on the sign of x/t if t ^ and the sign of x ift = 0. 

• On <7A,fc | (Sq H — r)~ converges in the compact open topology to a 
rational map LTi given by sending [t, 0, y, z] to [0, 0,1,0]. 

• For a properly convex compact set K in — rj-, the geometric 
limit of a subsequence of {g\ t k(K)} as X,k — )• oo, is either a point 
[0,1,0,0] or [0,-1,0,0] or the segment rj + . 

Proof. The first two items follow by normalizing the above matrix by diving 
it by the largest entry. 

For any properly convex compact subset K' in J>t — Sg, {g\ : k(K')} con- 
verges to one of {[0, 1,0, 0]} or {[0, -1, 0,0]} as A, k — > oo while k/X ->• by 
the first item. 

So, we now suppose that K' n Sq ^ 0- For a properly convex compact 
subset K' in — let K[ be the nonempty properly convex set K' n Sq. 
We can take an open 2-hemisphere H with boundary bdH C S so that 
H is the topological boundary in J%? of a convex open domain H' C ffl 
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Figure 5. The action of a Lorentzian isometry g on the 
hemisphere Jf? where the boundary sphere § is the unit 
sphere with center (0, 0, 0) here. We are using different ho- 
mogeneous coordinates. The arc on § given by y = is the 
invariant geodesic in §+ and with end points the fixed points 
of g. The arc given by x = and z = is a line where g acts 
as a translation in the positive y-axis direction for g ^ I. The 
plane z = is where g acts as an expansion-translation and 
the plane x = is where g acts as a contraction-translation. 
The semicircle defined by y > and z = is tj + , "the at- 
tracting arc". The semicircle defined by x = and y < is 
rj~ , "the repelling arc". 

disjoint from ry_ and containing K' where we can freely and slightly enlarge 
subspaces and take joins. (For example, we can choose if to be a plane in 
E 2,1 separating K' and r/_ containing [0, 0, 0,±1] in the boundary.) Then 
the following statements hold: 

• there exist a properly convex compact domain D\ in a component of 
H' — Sq with x > and another one D2 in a component of H' — Sg 
with x < so that K' is in the join J of D\ and D2 

• For K\ := J n Sq D K[, the join J\ of K\ and D\ and the join J2 of 
K\ and D2 satisfy J = J\ U J2. 
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For example, we may obtain D\ and D2 by removing from K' an e-dg3- 
neighborhood of Sq for small e > and making them slightly larger so that 
the join of D\ and D2 contains K' . 

By the second item of the lemma that we are proving currently, we obtain 
that {g\,k(Ki)} converges to [0,1,0,0] as \,k — > 00. Since {g\ t k(Di)} — > 
{[0,1,0,0]} and {g\ t k(D2)} {[0,-1,0,0]} as A, k — >• 00 by above, we see 
that 

• {g\,k(Ji)} geometrically converge to the unique convex segment si 
with endpoints [0, 1, 0, 0] and [0, 0, 1,0] in § and 

• {g\,k(J2)} geometrically converge to the unique convex segment S2 
with endpoints [0,-1,0,0] and [0,0,1,0] in § by Lemma [4] respec- 
tively. 

Hence, we conclude {g\,k(J)} — >■ r/+ as A, — >■ 00. 
For each e > 0, we have that 

gxMK')cN € ( v+ ) = N t ( Sl Us2) 

whenever A and k are sufficiently large, and there are points arbitrarily close 
to both points [0, ±1,0,0]. As K' is convex and connected, the geometric 
limit of {gx k(K')} exists as A, k 00 and equals 77+. (See Figure [5] also.) 



We remark that our proof of Proposition 13 is a generalization of the 
above proof. 

4.2. The proper discontinuity of the action of r. Recall from Theorem 
[8] that we can construct 

S := S + U JJ Ki U S_ C S 

iej 

that is a T-invariant open domain with an infinite fundamental group and 
covers a closed real projective surface S, a union of S' + and X'_ and annuli 
Ai, i = 1, . . . , b. 

Proposition 13. LetT be a discrete group of orientation-preserving Lorentzian 
isometries acting freely and properly dis continuously on E 2,1 isomorphic to 
a free group of finite rank > 2 with S as determined above. Then V acts 
freely and properly discontinuously on E 2 ' 1 U S as a group of projective au- 
tomorphisms 0/S 3 . 

Proof. Since T acts freely and properly discontinuously on M 3 = E 2,1 and so 
on the constructed S separately, T acts freely on the union. 

As we said before, we assume without loss of generality that Margulis in- 
variants of nonidentity elements are all positive. (If the signs are all negative, 
then actually, we need to choose £_ instead of E.) 

Suppose that there exists a sequence {gi} of elements of T and a compact 
subset K of E 2 ' 1 U £ so that 



(11) 



gi {K) n K / for all i. 
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We will show that actually the sequence {gi}i & z+ nas to be a finite sequence 
for the set of positive integers Z + . 

We prove by contradiction: Suppose that {g{\ is an infinite sequence and 



9i 7^ 9j if i 7^ 3- The equation 11 holds universally in this section even if we 
take any subsequences. 

Recall that the Fuchsian T-action on the boundary bd§+ of the standard 
disk S + in § forms a discrete convergence group: For every sequence gj in 
r, there is a subsequence gj k and two (not necessarily distinct) points a, b 
in the circle bdS + such that 

• the sequences gj k (x) — > a locally uniformly in bdS + — {&}, i.e., uni- 
formly in any compact subset of bd§+ — {b} and 

• gj^(y) b locally uniformly on bd§+ — {a} respectively as k — > oo. 

(See PQ for details.) We remark that 
(12) a,b <E A. 

(I) First, we will consider the case when a ^ b: 

(I)(i) We collect some boundedness properties of [2S]: Now letting {g^} 
denote the subsequence, we note that each g{ has an attracting fixed point 
di and a repelling fixed point r, in bdS + . By our conditions, sequences 
{ai} — > a and {r,j} — > b. 

A Lorentzian isometry element gi acts as a translation on a unique space- 
like line L gi in the direction of eigenvalue 1. Let Oj and pi denote the null 
vectors in the directions of a, and respectively. We compute 

Pi <£> cti 



\Pi <8> cti 



i.e., the Lorentzian cross-product of pi and oti representing r{ and respec- 
tively divided by the absolute value of its norm. (We consider rj as the start 
and at as the ending point and Vi as the neutral vector.) Since we have 
{ai} — > a, we obtain that the sequence Oj[fj]oi,- = Cl(e(aj)) converges to a 
segment a[z^]a_ = Cl(e(a)) where [z/] is the direction of 



v :- 



® a 



the Lorentzian cross-product of nonzero vectors a. and f3 corresponding to a 
and b respectively. 

Since the geodesies with end points a, , r j pass the bounded part of the unit 
tangent bundle of §+ , it follows that L gi are bounded as well by Proposition 
Each L gi pass a point pi, and {pi} forms a bounded sequence in E 2,1 . By 



11 



choosing a subsequence, we assume without loss of generality that pi — > p^ 
for poo G E 2 ' 1 

(I) (ii) The next important step of the proof is that the coordinate changes 



required for g-i so that it becomes of form in equation 10 are uniformly 
bounded: 
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We can conjugate by a sequence of hi of orientation-preserving quasi- 
isometries considered as an element of Aut(S 3 ) so that higih^ 1 is of form 



(13) 



1 








Kai) 











1 



where \{gi) > l,fc(<7i) > and the orientation preserving hi is given by 
sending [0, 1, 0, 0] to a* and [0, 0, 0, 1] to n and [1, 0, 0, 0] to pi and [0, 0, 1, 0] 
to \uj\. (We choose hi to acts on and hence an affine transformation.) 
Here the positivity of the Margulis invariant is equivalent to k(gi) > as the 
coordinate change is orientation-preserving. (Note here that k(gi) depends 
on the coordinate system.) 
We note that 



(14) 



9i 



\ 1 o g { o hi] 



hence, <?, acts like the standard form matrix in equation 13 up to coordina- 
tization by hi. 
Since 

• the coordinate axes are associated with three eigenvectors a%,Vi,pi 
where i/j is of Lorentzian unit-norm and is the Lorentzian cross- 
product of pi, cti where a, = [a.j\, Ti = [pi]. 

• Oj — > a and r, — > b, p\ ® cti = V{ — > v, and 

• pi -4 p, 

we assume without loss of generality by choosing a subsequence that hi 
converges to a quasi-isometry h uniformly in C°°-sense. Hence the sequence 
{hi} is uniformly quasi-isometric in d S 3; that is, 

(15) C" 1 d s3 (x, 2 /) < d S 3 (hi(x),hi(y)) < Cd s3 (x,y) for x,y £ S 3 , i G Z+ 

for a fixed C > independent of z by Proposition [TTJ 

The ith-coordinate system is a coordinate system where we have 

hiipi) = [1,0,0,0], hi(ai) = [0,1,0,0], 
hi(bi) =[0,0,0,1], and hi([vi]) = [0,0,1,0]. 

Moreover, L gi is sent to 



(16) 



(17) 



[0,0,1,0][1, 0,0,0], [0,0, -1,0] . 

The sequence of each kind of ith-coordinate functions converges to a coor- 
dinate function of a new adopted coordinate system h where we have 

h(p) =[1,0, 0,0],%) = [0,1, 0,0], 
h(b) = [0, 0, 0, 1], and h([u}) = [0, 0, 1, 0]. 

Moreover, at the same time, we can assume that the linearization of the 
affine maps hi in E 2 ' 1 sends the vector i>i to (0, 1,0) in V 2 ' 1 and, similarly, h 
sends the vector v to (0, 1,0). 
We recall from Lemma [T2j 
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• the subspace S 2 , given by x = 0, 

• the segment 77+ with endpoints [0, 1, 0, 0], [0, —1, 0, 0] passing [0, 0, 1, 0] 
in the middle, and 

• the segment r/_ with endpoints [0, 0, 0, 1] and [0, 0, 0, —1] and passing 
[0,0,-1,0]. 

Then 

• /i J rl ( 7 ?-) = Cl(e(rj)) is a segment of d S 3-length ir with endpoints 
ri,—ri and passing [— Vj\ and 

• K i 1 {r] + ) = Cl(e(oj)) is a segment of d S 3-length ir with endpoints 
ai,—di and passing \uj\. 

Finally for this step (I)(ii), we estimate the matrix entries: Using the 
hyperbolic metric on § + , we see that the closed geodesic Cj in S + represented 
by gi has the hyperbolic length 

h + {g%) = 



where we used cross ratios. 

Since gi is divergent as it acts on §+, we have that 

Lemma 14 (Choi, Goldman). By conjugating gi by hi as defined above to 
the form of equation \13[ we have 

(18) X(gi) -> +00, and k(gi) -> +00, k{gi)/X(gi) -)■ 0. 

Proof. Since {gi} restricts to an unbounded sequence hyperbolic isometries 
in it follows that {A(<?j)} — > 00. 
We claim that 

(19) M = k( 9i ) : 

we chose x in B(^j(x) — x,vq(ch)) to be on L gi and the linearization C{hi) 
of hi restricted to E 2 ' 1 sends gi{x) — x and vo(gi) respectively to a vector 
parallel to (0,1,0) and the vector (0,1,0). Since ||vo(<7i)|| = 1, we obtain 
gi(x) - x = n(gi)v (gi). Hence, C(hi)(gi(x) - x) = fJ,(gi)(0, 1, 0). Since 
k(gi) = C{hi){gi{x) — x) ■ (0, 1,0), we have the equality [19} By equation [5} 
we have /i(<?i) — > 00. Hence, the second limit follows. 

By the main corollary of [28], we have n(gi) < C'Z(gj) and hence //(<?«) < 
2C"| log A(<7i)|; we have the final limit. □ □ 

(I)(iii) We go back to our original compact set K from the beginning of 
the proof and cover it by compact convex sets that we can understand under 
the action of gf 

Recall from (I) (ii) that we may assume by choosing subsequences of gi 
that 

. {h-Hsi)} -+ si, 

• {hi\ri-)} ^t]°° = Cl(e(6)), and 
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log 



Ate) 



2|logA( 5i )l, 



Here 



• r]+ is a segment with endpoints a and o_ passing [u] of d S 3 -length 
7r and 

• r/^° is a segment with endpoints 6 and —b passing \—v\ of d S 3-length 

7T. 

They are all tangent to bd§_|_. 

Note that K is a subset of 3^ — Uiez + ^7 ( r l-) since for each i, /i^ 1 (?7_) = 
Cl(e(rj)) is in the complement of £ by definition. We define the compact 
set Ki := K n /t^~ (S 2 ,). Now fix a sufficiently small e, <5 so that < <5 < e. 
We cover i<C 

• by compact properly convex balls Bj, j £ I\ for a finite index set I±, 
in E 2,1 U £ that are at least e away from S 2 ^ by d S 3-distances and 

• by small compact properly convex balls Cj, j £ I2 for another finite 
index set I2, which for each j is the join of two properly convex balls 
Cj' and Cj in E 2 ' 1 US at least 5 away from S 2 ^ in d S 3 -distances. 

This can be achieved by first covering by balls at least e-away from S 2 ^ n K 
and balls with centers on S 2 ^ n K and dividing the slightly larger balls 
containing the second class of balls into two parts and pushing these away 
from S 2 ^. 

There are two components H a and H a _ of 3f — S 2 ^ containing a or a_ 
respectively. We divide I± into I± and Ij so that j € if if and only if Bj C 
H a . Also, we assume without loss of generality that Cf C H a and Cj C H a _ 
for j e h- We denote by C^ for j e I 2 , the set ^(Sg) n J(Cj", Cj). 

Since {^j rl (Sg)} converges to S 2 ^, we have the following: 

• There exists Iq such that for i > Iq, /i^ 1 (Sq) is at least 5/8 away 
from Uj e /+ 5 j and U/ej- 5 i and from Uje/ 2 C/ and Uje/ 2 C^" 

• For i > Iq and a positive constant C, Sq is at least C~ 1 5/8 away 
from ^i(Uj 6 /+- B i) and hi(\J jeI - Bj) and from ^i(Uje/ 2 C t) and 

(Uje/2 ^i") smce i £ Z+, are uniformly quasi-isometric. 

• Now we act by gi and then by . 

• Hence, for every e" > 0, we have an integer Iq > Iq so that for % > I' , 
the images of these sets under gi go into the e"-d S 3-neighborhoods 



d S 3. (See equations 14 and 15 ) 



of a or a_ by Lemma 12 since {h i 1 } is uniformly quasi-isometric in 



Let us fix j E I2. We first recall that the sets Cj are all uniformly bounded 
away from /i^~ 1 (r/_) = Cl(e(rj)) for i > Iq for sufficiently large Iq. Hence 
hi(Cj) are all uniformly bounded away from r/_ for i > Iq for sufficiently 
large Jo as {/ij} is uniformly quasi-isometric. Furthermore, the sequence of 
images under {gj\ of Cj for each j then converges to [0,0, 1,0] by Lemma 
Therefore, the sequence {gi(Cj)}ieZ+ converges to {[v]} by equation 
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since the collection of automorphisms ^ 1 are uniformly quasi-isometric in 
d S 3. 

Now, the sequence 

• {gi(J(C J + ,C J ))} ieIl + -> a[u] by Le mma Q 

• Similarly, {gi(J(C 3 _, C 3 ))} ie % + -)• [v]o_. 

Since J{C j + ,Ci) = J{C j + , C 3 ) U J(C j _,C{), we obtain that 



{#(J(C4,C!))} i6Z+ ~+ V+ = a[u] U [i/]a_ for each j G J 2 . 

Thus, we see that if gi(K)C\K ^ for all i, then there has to be some fixed 
pair of balls B and B' in the above finite collection of balls I± U I2 so that 
gi(B)f]B' 7^ for infinitely many i. However, {^(i?)} converges to a subset 
of 77^° C § with 77^° n S = 0. Thus, for each e > 0, there exists an integer 
Iq such that N e (r]°°) contains gi(B) if i > I . However, N e (i]+) CiB' = for 
any ball in I\ U I2 for sufficiently small e, and we obtain a contradiction. 

(II) Now we consider the a = r case. Choose an element 70 6 T so that 
70(a) 7^ a as r is not an elementary Fuchsian group acting on §+. 

Consider the sequence {7054}- For each e > and sufficiently large i, a 
precompact neighborhood U in bd§+— {a} maps into the e-dg3 -neighborhood 
of 70(a) by 70 a; . Now consider the sequence g^ l % 1 ■ Let V be a precompact 
neighborhood in bdS+ — {70(a)}. Then 7 ~ 1 (^) is a precompact interval in 
bd§+ — {a} and for arbitrary e > 0, g~ l sends it to an e-d S 3 -neighborhood 
of a for i sufficiently large. 

We note that j gi(K U j (K)) n {K U jo(K)) / for infinitely many i. 
Thus, we are reduced to the case where a 7^ r by replacing Oj with 70^ 
and -R' with another compact set K U 70 C E 2 ' 1 U S. Again, we obtain 
contradiction. 

□ 

Remark 15. We can replace the condition of the proper-discontinuity of the 
action of Y in E 2,1 by the condition given by equation [5J Then we can 
show that this condition implies that Y acts properly discontinuously on 
E 2 ' 1 giving us an alternative proof of a part of the results of |28| that the 
positiveness of diffused Margulis invariants implies the proper-discontinuity 
of the action of Y on E 2,1 since we are only using the property given by the 
equation [5] and not the proper-discontinuity of the action of Y on E 2 ' 1 itself. 

5. The proof of tameness. 

Using the above notations, we note that S/T is a closed surface of genus g 
and forms the boundary of the 3-manifold M := (E 2,1 UE)/r by Proposition 



13. We now show that M is compact. 



Proposition 16. Each simple closed curve 7 in S bounds a simple disk in 
E 2,1 U S. Let c be a simple closed curve in S that is homotopically trivial in 
M . Then c bounds an imbedded disk in M . 
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Proof. This is just Dehn's lemma. 



□ 



We can find a collection of disjoint simple curves ji, i £ J , on S for an 
index set J so that the following hold: 

• (Jiejr 7* 1S mvar i an t under T. 

• \Ji£j7i cuts £ into a union of open pair-of-pants k £ K, for an 
index set K. The closure of each is a closed pair-of-pants. 

• {Pk}k&K is a T-invariant set. 

• Under the covering map tt : S — > £/T, each 7^ for i G / maps to a 
simple closed curve in a one-to-one manner and each P^ for k £ K 
maps to an open pair-of-pants as a homeomorphism. 

This is achieved by finding arcs in cutting it into disks. Recalling 

that §+/r is an open surface compactified to the compact surface S' + with 
boundary, we obtain a system of geodesic segments di, i E I for a finite 
set /, £+ cutting it into a union of disks each of which is bounded by six 
arcs, alternating triple of which are arcs coming from dY^' + and the other 
alternating triples are geodesic segments ending dTi' + . We can assume that 
each dii is imbedded in S+/r cutting it into finitely many hexagons so that 
each ideal boundary component of S+/T meets dj and (kj for some pair i, j, 
i + 3- 

This gives a system of geodesic arcs otj, j G J, in S + for some infinite 
index set J which decomposes §+ into hexagons and forms a T-invariant set. 
We define on - := —a, in We connect each endpoint x of «j with its 
antipodal endpoint of aj ; _ by e(x). (These form so-called crooked circles.) 
We do this for each arc and obtain the above system of simple closed curves. 
By construction, {7i}iej maps to a system of disjointly imbedded curves 
7i) •■;73g-3) an d each of them has a simple closed lift in S and hence has a 
trivial holonomy. See Figure[6j Also, the collection 71, ... , 73 g _3 decomposes 
the closed surface £ /T of genus g for some g > 2 into 2g — 2 pairs of pants 
P[, . . . , P<2 g -2- (Here g depends on the genus g of S+/T and the number of 
ideal boundary components.) 

By trivial holonomy and Dehn's lemma, each ji bounds a disk Di in M. 
By the 3-manifold topology of disk exchanges, we can choose Di, . . . , -^39-3 
to be mutually disjoint. (See [29].) 

By combinatorics of the situation, the closure of each component of M — 
D\ — -" — -D3 9 -3 is homeomorphic to a compact 3-ball in as it is bounded by 
a 2-sphere that is a union of a pair-of-pants Pj and three of D±, . . . , D^ g ^: 

We can lift the sphere into E 2,1 U S and being a sphere which can be pushed 
inside E 2 ' , it bounds a compact 3-ball in it disjoint from other disks. 

The image of the 3-ball is a compact 3-ball in M as well. Since M is a 
union of the closure of the components that are 3-balls meeting one another 
in disjoint disks, we conclude that M is a compact 3-manifold. This implies 
also that M is homeomorphic to a solid handle body of genus g; that is, our 
manifold (E 2,1 U S)/T is a compact 3-manifold and so its interior E 2,1 /T is 
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tame. This completes the proof of Theorem [2j (Also, we can see that the 
rank of F equals g.) 




Figure 6. The arcs in §> + and an example of % in the bold 
arcs. 

A crooked plane is a closed disk embedded in E 2 ' 1 constructed as follows: 
Take two null vectors vi and V2 and respective parallel lines L\ and L2 
meeting at a point x. Then they are on a time-like plane P. Take all time- 
like lines on P from x and take their union. It is a union of two cones C\ 
and C2 with vertex at x. We obtain two null half-planes W(y\) and 'Wiy-i). 
A crooked plane is the union CiUC , 2U#'(vi)Uy^(v2). (See [15] for details.) 

A disk in E 2 ' 1 is an almost crooked plane if it agrees with a crooked plane 
in the complement of its compact subset. Also, its immersed or imbedded 
image is said to be crooked plane as well. 

Proposition 17. Let S andT be as above. The Margulis space-time E 2,1 /T 
with a free fundamental group has a system of disks with boundary in E 2,1 U 
S/r so that the closures of components of the complement are compact 3- 
balls and the disks are almost crooked planes. 

Proof. Each of our disks has the boundary of a crooked plane. In the Dehn's 
lemma, one can arbitrarily assign the tubular neighborhood of the boundary 
of each disk as long as it is transversal to E/T. □ 

6. ASYMPTOTICS OF MARGULIS SPACE- TIMES 

Let r be as above. We show the existence of two convex hypersurfaces in 
E 2,1 asymptotic to bdS + and bdS_ respectively. We will use this to show that 
a concave boundary submanifold contains all the closed space-like geodesies 
in E 2,1 /r in the next section. 
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6.1. Supporting hyperplanes. Let H be the set of pairs (x, h) where x 
is a point of the limit set A in bd§+ and a 2-hemisphere h in ffl containing 
x in its boundary dh. We give the Hausdorff convergence topology to this 
space. 7 in T acts by sending (x,h) to (7(3;), 7(/i)). 

Proposition 18. For each point x of the limit set A of T in § in bdS + , 
there exists a unique 2 -dimensional hemisphere h x depending continuously 
on x so that h x contains the fixed line L g C M 3 of an element of g E T if x 
is an attracting fixed point of g. Moreover, there exists a map r : A — > % 
sending x to (x,h x ) that is continuous and the map is T-equivariant; i.e., 

t(j(x)) = (7(x),7(/i z )) forr(x) = (x,h x ). 

Proof. If x is an attracting fixed point of 7 E T, we let h x be the hemi- 
sphere containing the invariant line L 7 C E 2 ' 1 of 7 and x as the stabilizer 
subgroup of r is infinite cyclic and is uniquely determined by x by the ele- 
mentary Fuchsian group theory. Then h x is 7-equivariant and dh x contains 
x, — x, s, — s in S for the saddle- type fixed points s and — s and the antipode 
—x of x. Thus, t is defined for the set of attracting fixed points of T. 
The inverse image in US+ of U re c(§>+/r) is precisely the set of geodesies 



with endpoints in A. (See Lemma 10 and the proof of Lemma 1.3 of [28 . 



Recall that A* = A x A — A consists of elements (x, y) where x is the ending 
point and y is the starting point of a weakly recurrent geodesic /. 

Denote by xy° the open line segment connecting two points x,y E bdS + . 



For convenience, we use the notation from Proposition 11 

L(x,y) :=^{xy°). 



Using Proposition 11, we define a function r(x,y) : A* — > H by 

(x,y) H- (x,h(x,y)) 

for the hemishphere h(x,y) containing x and L(x,y). Note that r(a) = 
r(a, r) if a is an attracting fixed point of an element of V with the repelling 
fixed point r in A. 

We state a fact we need. 

Lemma 19. Let {(xt,yi) E A*} be a sequence. Suppose that the segments 
{xTiJi} form a sequence converging to the segment xy with (x, y) E A* where 
{xi} — > x and {y{\ — > y. Then the corresponding sequence of invariant 
geodesies L(xi,yi) converges to the line L(x,y), and r(xi,yi) — > r(x,y) as 
i — > 00. 



Proof. This follows by the fact that N is continuous by Proposition 11 □ 

□ 

Lemma 20. Let (x, y) E A*. Then r(x, y) does not depend on y, and h(x, y) 
is never a hemisphere in S for every (x,y) E A*. 

Proof. Suppose that x is an endpoint of two weakly recurrent geodesies I 
with the starting point y and another one I' with the starting point y' . 
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If (x,y) G A*, then L(x,y) is a line in E 2 ' 1 by Proposition 11 h(x,y) is 
not in §. 

Choose a sequence {pi} of points xy° so that — )• x. There exists a 
sequence {7^} of elements of T so that r y~ 1 (pi) G F for a compact funda- 
mental domain F of fi+ under T. (Recall that S" = ^ + /r is a compact hy- 
perbolic surface with geodesic boundary and the weakly recurrent geodesies 
are always in it.) 

By choosing a subsequence, we may assume that {pi} — > poo G F and 
{7j~ (Cl(£))} converges to a segment Sqo passing and ending at two points 
of A. Let loo denote the interior of Soo in Q + . Let Xqo and yoo denote the 
endpoints so that we may assume without loss of generality that {"f7 {%)} — > 

Xoo and {7 J ~ 1 (y)} -> Voo- 

Since T is not elementary, we may assume that {x, y} n {xoo, yoo} = by 
multiplying by an element of V if necessary. 

Since {^(x)} -)• and {7 i " 1 (y)} ->■ yoo, we have 

{Cl(L( 1 7\ x ), 1 7\ y )))= 7 r\Cl(L(x,y)))}^Cl(L(x 00 ,y O0 )) 



by continuity of jV by Propositon 11 Hence 



(20) { 7 r\h(x,y)) = h{y~ 1 {x),^ 1 {x))} -> /i(xoo,jfeo). 

By using perpendicular geodesies in S + to I, we can show that for an 
attracting fixed point a\ and repelling fixed point r, of 77^ for each i, it 
follows that {a-j} — > yoo and {r^} — > x. Since we have rial — > xy^, it follows 
that 

(21) {Cl(L 7 -i) = Cl(L(r i ,a i ))} -> Cl^y^)) 

(22) a^)} -)• h(x,yoo). 

Since each «j is an attracter, we obtain that 7j _1 (y / ) —> yoo, and 

(23) {tTH^z/)) = ^(^^V))} -> h( Xoo , yoo ). 

Since dh(x, y) is a great circle tangent to bd§+ at x and so is dh(x, y'), we 
obtain dh(x, y) = dh(x, y'). We have that i j^ 1 (dh(x, y')) is tangent to bdS + 
at j~ 1 (x). Thus, {~f~ l {dh{x, y'))} converges to a great circle tangent 
to bdS + at Xoo in S. 

Choose a point q in the interior of the hemisphere corresponding to h(x, y') 
bounded away from dh(x,y) = dh(x,y'). 

Suppose that q G Jff — h(x, yoo ) for contradiction. Then q is uniformly 



bounded away from /i(r«, aj) for i > Iq for a fixed integer Jo by equation 21 
We claim that {^(q)} -> yoo or {^(q)} -)■ yoo,-: 
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We write jj 1 in the matrix of the form of equation 10 with respect to 



coordinates hi so that hij, h- is of form 



(24) 



where A(7 i 



7,: 



1 



Kir 1 ) 















1 





> l,k(j i 1 ) > where 

hi(ai) = [0,1,0,0], hiipi) 
hi(n) = [0,0,0,1], /ii(si) 



H-rr 1 ) 



[1,0,0,0], 
[0,0,1,0]; 



where we choose pi £ L -i so that pi is uniformly bounded away from § by 



equation 21 , and Sj is the saddle-type fixed point or the point corresponding 



to an end point of L -i in §. As above, /ij is uniformly quasi-isometric with 



respect to d S 3 and can be assume to be convergent. Also, h(ri,a,j) is the 



image of the hemisphere in ffi given by Sg of Lemma 



12 



under h- . (We 



are exactly in the situation of the part (I) of the proof of Proposition [13] in 
Section |4j) As before, we have fc(7 4 rl ) < ClogA(7 i _1 ) for the terms in the 
matrices of by Lemma 14 By the first item of Lemma 12, we obtain 

{7i~ ((J 1 )} ~~ * or {7i~ (#)} ~~ * Voo - since hi are uniformly quasi-isometric 
and q is bounded away from h(ri, ai) uniformly for i > Iq. 

Since {"f^ 1 ^)} —> ±2/00 G § and {^ l {dh(x, y'))} converges to a great cir- 
cle tangent to bdS + at Xqo in S, it follows that {^ l (h(x, y')} converges 
to a hemisphere in § by Lemma [5] We obtained a contradiction to equation 



Therefore, q G h(x,yoc) and h(x,y') = h(x,y oc ) by geometry. 
Similarly, we have h(x,y) = h(x,y oc ) by equation 20, and we conclude 
that h(x,y) = h(x,y'). 

□ □ 

Hence, we have defined the function r : A — > Ti and the hemisphere h(x) 
for any x S A. Now, we show that r is continuous. 

Now suppose that {xi} is a sequence of arbitrary points in A so that 
{xi} — > x. We choose yi € A for each i so that {yi} — > y G A for y 7^ 
x. Then we have {h(xi,yi)} —> h(x,y) by Lemma 19 and therefore, we 
have {t(xj)} — > t(x) by the independence of Lemma]20] Therefore, r is a 
continuous function. □ □ 



Lemma 20 also generalizes the result in [H] that any weakly recurrent 
geodesies in E 2 ' 1 /Y with the same forward limit set share the contracting 
subspace. 



6.2. Domains. In S, for each point x of A, we have a closed hemisphere 
H x C S supporting the convex hull of A. We form an intersection D(A) = 
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flireA Hx c ^- Then D(A) is an open properly convex domain in S. We note 
that 

(25) D(A)=[jA ! U§ + 

iej 

where Aj is a gj-invariant triangle containing lj as an edge where gj is a 
corresponding element of T acting on lj and hence its attracting and repelling 
fixed points aj , r $ , at the ends and a saddle- type fixed point Sj are vertices 
of Aj. Note that Aj C TZi for the rectangular domain IZi defined in Section 
[2j Moreover, D(A)/T is an open surface obtained from S + by adding open 
elementary annuli Aj/(gj) in corresponding annuli Aj. Thus, the closure of 
D(A)/T in E is a compact surface in £ with boundary components Cj C Aj 
for each j = 1, . . . , b. 

Considering D(srf(A)) = s/(D(A)), we obtain closed curves c 1 - C Aj for 
each j = 1, . . . , b that are boundary components of D{s^{A))/T in S. Note 
that (S — -D(A) — Z)(<sz/(A)))/r is a union of compact annuli in each of Aj, 
j = 1, . . . , b. We denote each component annulus by Bj so that Bj C Aj 
where dBj = Cj U c'-. (Each Bj is a sum of two elementary annuli and is 
bounded by nonprincipal boundary components. ) 

The boundary of a convex open domain in E 2,1 is asymptotic to a set K 
in §_|_ if every unbounded sequence of points in it has all limit points in K. 

Corollary 21. In E 2 ' 1 , there exists a T -invariant nonempty convex open 
domain T> whose boundary in E 2,1 is asymptopic to h&D{A), homeomorphic 
to a circle. There exists another T-invariant convex open domain T>' whose 
boundary in E 2,1 is asymptotic to &/(bdD(A)) so that the closures of T> 
and T>' are disjoint. Moreover, every weakly recurrent space-like geodesic is 
contained in a manifold 

(E 2 ' 1 — V — V')/T 

with concave boundary. 

Proof. For each x G A, take the open half-space T-L x C E 2,1 bounded by 
h(x, y) for some y G A—{x} and containing A in its closure in the hemisphere 
Jtff. Then we take T> := f] x ^^7i x , which is a convex open domain. 

We show that T> is not empty: That is, we claim that there exists a 
compact convex set K C E 2,1 so that H x H K ^ for all x G A and hence 
there exist 

zeKH p| Cl s3 {H x ) 

by compactness. Then the join J(z,A) is a subset of C1 S 3(% X ) for every 
x G A. Hence the topological interior of the join J(z, A) is a nonempty 
subset of T>: Suppose not. Then there exists a sequence of hemispheres 
h(xi,yi),Xi,yi G A so that it bounds an open half-space U Xl in E 2 ' 1 and 
{Hxi H K} for each compact set K C E 2,1 is eventually empty as i — > oo. 
Since A is compact, this is equivalent to saying that {h(xi,yi)} converges to 
a hemisphere in S up to a choice of a subsequence. Let Xoo be a limit point 
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of the sequence {xi}. Then r(xoo) is a pair (ccoo j ^<x> ) for a hemisphere h c 



in § by the continuity of r contradicting Lemma 20 

Let bd E 2,i(P| 2 , gA H x ) be the topological boundary in E 2 ' 1 . The closure of 
ClxeA %x ^ a convex compact subset of S 3 , and the boundary of H^eA 
in S 3 equals C1(D(A)) Ubd^2,i(f] x€A 'H x ). Thus, every unbounded sequence 
of points in bd^2,i(f^\ xeA / H x ) will have limit points in D(A). Since the limit 
points cannot be in D(A)°, we see that they are in bd-D(A). 

For each 7-L x , we can take (E 2 ' 1 — Hx) and take the intersection over all 
x G A. This gives us T>' with the right property. 

First, notice V n V = 0. If C1(D) n Cl(P') / 0, then it is a compact 
convex subset of E 2,1 by the asymptotic properties and the fact that 

C1(X>(A)) n ChWp(A))) = 0. 

Since Cl(T>) n Cl(P') is also T-invariant, the Brouwer fixed-point theorem 
implies a contradiction that the intersection contains a fixed point for each 
element g E T. Hence, C1(D) n Cl(P') = 0. 

Every weakly recurrent space-like geodesies equals L(x, y) for (x, y) G A* 
by Theorem 1 of [27J. Since L(x,y) is in h(x,y) for some G A*, the 

last statement follows. □ □ 

Remark 22. These domains are related to the invariant domains found by 
Mess [33J for the closed surface groups. 

7. Geometric finiteness 

We define geometric finiteness and show that the Margulis space-times 
are geometrically finite. 
We start with 

Theorem 23 (Scott [36J). If M is an orientable 3-manifold and 7ri(M) is 
finitely generated, then there exists a compact submanifold N of M such that 
the inclusion homomorphism induces an isomorphism tti(N) — > ir(M). 

If M is aspherical, as in Margulis space-times, then we can construct a 
compact submanifold so that the inclusion map N — > M is a homotopy 
equivalence. We say that a compact submanifold with properties of N is a 
core of M. For E 2,1 /r with a free group T of a finite rank, there exists a 
core. 

Definition 24 (Geometric finitness). Let T be the orientation-preserving 
Lorentzian isometry group acting on the Lorenzian space E 2 ' 1 freely and 
properly discontinuously. Let E 2,1 /r be given an arbitrary complete Rie- 
mannian metric 5 and a core Mo. E 2,1 /T is geometrically finite if for each 
pair of a closed geodesic c and a point x on c in E 2,1 /T, x is of a uniformly 
bounded 5-distance from Mo; that is, S(x, Mo) < C for a constant C inde- 
pendent of x and c. 

Actually, since Mo is compact, we can replace Mo by a base point xq in 
the above definition. 
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The geometrical finiteness here of course is already discovered by Gold- 
man, Labourie, and Margulis |28| . |27j . and we only restate it in this form. 

Lemma 25. Fix an arbitrary point xq and an arbitrary Euclidean metric 
dE on E 2,1 seen as an affine space. A Margulis space-time E 2 ' 1 /T is geo- 
metrically finite if and only if there exists a constant C' > such that for 
any g £ T acting on a complete space-like line L g where it acts on as a 
translation and a point t £ L g in E 2 ' , there exists 7 G T so that j(t) is of 
a uniformly bounded distance from x$ by C with respect to the Euclidean 
metric dE- 

Proof. Let C > be the uniform bound for the Riemannian metric of E 2,1 /r 



used in Definition 24 A 5-ball of radius C in E 2,1 maps to a bounded ball in 
E 2,1 in the Euclidean metric dE since it is compact. The Euclidean diameters 
of the 5-balls of radii equal to C with centers in a compact set K are bounded 
above by a constant C > 0. 

Given g £ V acting on L g and t £ L g , we have that L g maps to a closed 
geodesic c and a point x £ c from a point xo £ Mq of the ^-distance bounded 
above by C. Let F be the compact fundamental domain of Mq in E 2 ' 1 . 
Assume without loss of generality that xq £ F. Choose 7 £ Y so that j(t) is 
of the (^-distance < C from x' £ F . Thus, 7(i) is of the Euclidean distance 
< C" from xo for some C" > 0. 

Conversely, a Euclidean ball with center xq of radius C has a <5-diameter 
uniformly bounded above. The proof of the converse is very similar to the 
above. □ □ 

Proposition 26. Let T be a nonamenable orientation-preserving Lorentzian 
isometry group acting on the Lorenzian space E 2,1 freely and properly dis- 
continuously. Then the Margulis space-time E 2,1 /r is geometrically finite. 

Proof. Consider the compact fundamental domain F of U rcc §+ = U rec S + 
under the deck transformation group of covering to U rec S_|_. This is a closed 
subset of the compact set US" . Then Trga.i o N(F) gives us a set of geodesies 
of bounded distances from xq since it is an image of a compact set. 

Let g be an element of T, and let i be a point on the line L g in E 2,1 
where g acts as a translation. Let u denote the unit vector at t tangent 
to L g . Then (t,u) correspond to (t',u') for a point t' £ S + and u' on 
U rec S+ via 7r E 2,i o N by Proposition [Tl] Since F is a fundamental domain, 
(j(t'), 1)7(1/)) is in the bounded set F for a deck transformation group 7. 
(Here by D7 : US+ — > US+, we mean the differential map.) □ □ 

Theorem 27. There exists a core in a Margulis space-time containing all 
weakly recurrent space-like geodesies. 

Proof. Let T be a free group of rank > 2 acting freely and properly discon- 
tinuously on E 2,1 . We construct £ as above. 

Let M denote the compact handlebody (E 2 ' 1 U £)/T so that M° is the 
Margulis space-time E 2,1 /T. We denote by M the space E 2 ' 1 U S. Recall 
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the domains T> and T>' from the proof of Corollary 21 Then consider the 
closure T> = CL^-(P) of T> in M. Then V acts properly discontinuously on 
T> as well. 

The topological boundary bd^T) in M is a closed invariant subset of E 2,1 
and is a connected properly imbedded 2-dimensional submanifold invariant 
under T. Since bd^V equals dCl(V) — D(A), bd^V is homeomorphic to 
a 2-cell. However, under projection p : M — > M, it goes to a compact 
closed connected properly imbedded surface Si bounding the image of T>. 
To explain more, Mi := T>/T is imbedded in M and is homotopy equivalent 
to M and the topological boundary bd^/Mi in M is the compact surface 
Si. 

Since Si is homotopic to the closure Si of D(A)/T in S sharing boundary 
components in M\ and dM\ = Si U Si, it follows that M\ is homeomorphic 
to Si x / for an interval I by Theorem 10.2 of |29j . 

Notice also 

b 

SSi = dS x = (J c, 

i=l 

for the number of boundary components b of Si . 

We can do similarly for the closure 2?_ := C1»>(.4.(X>)) and we obtain 
M2 := P_/r imbedded into M disjoint from M\. Similary M2 is home- 
omorphic to S2 x / for a surface S2 = bd^/Mj which is also homotopy 
equivalent to M. 

Notice also 

b 

as 2 = J c>. 

i=l 

Let intMi and intM2 denote the topological interiors. Since we are re- 
moving the product of / with surfaces, it follows that M — intMi — intM 2 is 
a compact 3-manifold homeomorphic to M bounded by SiUS2U-E>iU- • • B g . 



(Recall Bi from Section 6.2 



By geometric finiteness, every closed geodesic is of a uniformly bounded 
(5-distance from a base point xq in M. Therefore, we can isotopy all Bi 
to imbedded annuli in M° so that the resulting imbedded annuli B[ l are 
all disjoint from closed space-like geodesies in M° and dB[ C Si U S 2 . 
Therefore, Si and S 2 and B[,...,B' g bound a compact submanifold M 
containing all closed space-like geodesies. Since by Anosov property of the 
space- like geodesic flow in M°, the closed space- like geodesies are dense in 
the space of weakly recurrent geodesies by Theorem 1 of [27], M is the 
desired compact submanifold in M°. □ □ 
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